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Abstract 

We construct a new equilibrium dynamics of infinite particle systems in a Riemannian man¬ 
ifold X. This dynamics is an analog of the Kawasaki dynamics of lattice spin systems. The 
Kawasaki dynamics now is a process where interacting particles randomly hop over X. We 
establish conditions on the a priori explicitly given symmetrizing measure and the generator 
of this dynamics, under which a corresponding conservative Markov processes exists. We 
also outline two types of scaling limit of the equilibrium Kawasaki dynamics: one leading to 
an equilibrium Glauber dynamics in continuum (a birth-and-death process), and the other 
leading to a diffusion dynamics of interacting particles (in particular, the gradient stochastic 
dynamics). 
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1 Introduction 

In the classical d-dimensional Ising model with spin space S = { — 1,1}, the Kawasaki 
dynamics means that pairs of neighboring particles with different spins randomly ex¬ 
change their spin values. The generator of this dynamics is given by 

{Hf){a) = Y^ c{x,y,a){V^yf){a), 

7/EZ^, \x—y\=l 
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where 


(V.,/)(a) = /K^)-/(a), 

(jxy denoting the conhguration a in which the particles at sites x and y have exchanged 
their spin values. Under appropriate conditions on the coefficient c{x,y,a), the corre¬ 
sponding dynamics has a Gibbs measure as symmetrizing (hence invariant) measure. 
We refer, e.g., to [24] for a discussion of the Kawasaki dynamics of lattice spin systems. 

Let us now interpret a lattice system with spin space S = { — 1,1} as a model of a 
lattice gas. Then a(a;) = 1 means that there is a particle at site x, while (t{x) = — 1 
means that the site x is empty. The Kawasaki dynamics of such a system means that 
particles randomly hop from one site to another. 

If we consider a continuous particle system, i.e., a system of particles which can 
take any position in the Euclidean space then an analog of the Kawasaki dynamics 
should be a process in which particles randomly hop over the space The generator 
of such a process is informally given by 

(i/F)(0-) = / c(i,j/,T)(ByF)(T)%. (1-1) 

xG7 


where 

(D-+F)h) = F(7 \ I U j/) - F(7) (1.2) 

and the coefficient c{x, y, 7 ) describes the rate at which the particle x of the conhgura¬ 
tion 7 jumps to y. Here and below, for simplicity of notations, we just write x instead 
of {x}. 

In [12], Glotzl considered the formal generator (1.1) and derived conditions on the 
coefficient c{x,y,'y) under which the operator ( 1 . 1 ) becomes symmetric in the space 
L^(/i), where /r is a given Gibbs measure. However, till now, there has been no proof of 
the very existence of a Kawasaki dynamics of an inhnite system of interacting particles 
in continuum. 

Thus, the aim of this paper is to present a general theorem on the existence of an 
equilibrium Kawasaki dynamics of a continuous particle system, which has a Gibbs 
measure as symmetrizing (hence invariant) measure. We shall also consider some ex¬ 
amples of such a dynamics. Finally, we shall outline two types of scaling limit of the 
equilibrium Kawasaki dynamics: one leading to an equilibrium Glauber dynamics in 
continuum (a birth-and-death process), and the other leading to a diffusion dynamics 
of interacting particles (in particular, the gradient stochastic dynamics). A detailed 
study of these scaling limits will be given elsewhere [ 8 , 17]. 

Let us now briefly outline the structure of the paper. 

In Section 2, we hx a Riemannian manifold X as underlying space (the position 
space of the particles) and the space T of all locally hnite conhgurations in X. The 
restriction to the Riemannian manifold case is mainly motivated by the necessity to 
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have constructive conditions for the existence of equilibrium states for interacting par¬ 
ticle systems in X. Let us stress that all general statements of the paper (with minor 
changes) remain valid for much more general underlying spaces. 

We next recall the definition of a Gibbs measure /i on L which corresponds to a 
relative energy E{x,'y) of the interaction between a particle x and a conhguration 7 . 
About the measure we assume that it has correlation functions which satisfy the clas¬ 
sical Ruelle bound. We also present some examples of a Gibbs measure corresponding 
to a pair potential 0. It should be mentioned that, although in the examples we deal 
with a pair potential 0 , our general theory for existence of dynamics holds for a general 
relative energy E^x,^). 

Next, in Section 3, under mild conditions on E{x,''y), we prove that there exists 
a Hunt processes M on L which is properly associated with the Dirichlet form of the 
Kawasaki dynamics. In particular, M is a conservative Markov process on L with cadlag 
paths, and has /i as symmetrizing, hence invariant measure. We also characterize this 
process in terms of the corresponding martingale problem. Furthermore, we discuss the 
explicit form of the L^(/i)-generator of this process on the set of continuous bounded 
cylinder functions. In this section, we use the theory of Dirichlet forms [25], and in 
particular, some ideas and techniques developed in [18, 19, 26, 29]. 

In Section 4 we consider some examples of Kawasaki dynamics. 

Finally, in Section 5, by analogy with the Kawasaki dynamics, we formulate con¬ 
ditions which guarantee the existence of an equilibrium Glauber (birth-and-death) dy¬ 
namics in continuum (compare with [15, 18, 28]). We then outline the above mentioned 
scaling limits of the equilibrium Kawasaki dynamics. 

We conclude this section with the following remarks. In a bounded domain, a 
Kawasaki dynamics can be described as a jump Markov process. However, in the in- 
hnite volume, this dynamics does not belong to this class, since in any time interval 
[0,f], the dynamics has an inhnite number of jumps. Note also that the set of sym¬ 
metrizing measures of a given Kawasaki dynamics consists of all grand-canonical Gibbs 
measures corresponding to a given relative energy of interaction and any activity pa¬ 
rameter z > 0. This fact makes it especially interesting to study the hydrodynamic 
behavior of the Kawasaki dynamics, cf. [7, 32]. Finally, note a similarity between the 
Kawasaki dynamics and the diffusion dynamics of continuous particle systems, e.g. 
[1, 14, 19, 26]. Namely, both types of dynanics have (at least heuristically) conserved 
particle numbers and the same set of symmetrizing measures. Therefore, just as in the 
diffusion case, it is natural to study the scaling limit of equilibrium fluctuations for the 
Kawasaki dynamics, which is the subject of [20]. 
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2 Gibbs measures on configuration spaces 

Let X be a connected oriented C°^ manifold. We denote the Riemannian distance on 
X by dist. Let B{X) denote the Borel a-algebra on X and m the volume measure on 

X. 

The configuration space L := Lx over X is dehned as the set of all subsets of X 
which are locally hnite: 

r ;= I 7 C X : |7 a| < oo for each compact A C X 

where | ■ | denotes the cardinality of a set and 7 a := 7 fl A. One can identify any 7 G L 
with the positive Radon measure ^ where is the Dirac measure 

with mass at x, measure, and Ad(X) stands for the set of all positive 

Radon measures on B{X). The space T can be endowed with the relative topology as 
a subset of the space Ad(X) with the vague topology, i.e., the weakest topology on T 
with respect to which all maps 


T 9 7 ^ (/, 7) := f f{x) j{dx) = f{x), f e C'o(X), 


are continuous. Here, C'o(X) is the space of all continuous real-valued functions on X 
with compact support. We shall denote the Borel a-algebra on T by i3(r). 

Now we proceed to consider Gibbs measures on T. For 7 G T and a; G X, we 
consider a relative energy E{x, 7 ) of interaction between a particle located at x and 
the conhguration 7 . We suppose that the mapping E is measurable and i?(a;, 7 ) G 

(-CX), +CX)]. 

A probability measure /a on (r,i3(r)) is called a (grand-canonical) Gibbs measure 
corresponding to activity z > 0 and the relative energy E if it satishes the Georgii- 
Nguyen-Zessin identity ([27, Theorem 2], see also [22, Theorem 2.2.4]): 



'y{dx)E{x, 7) 



zm{dx) exp [—E{x, 7)] E{x, 7 U x) 


( 2 , 1 ) 


for any measurable function F : X x T —[0,-|-cx)]. Let Q{z,E) denote the set of all 
Gibbs measures corresponding to 0 and E. 

In particular, if F(a;, 7 ) = 0, then (2.1) is the Mecke identity, which holds if and 
only if /i is the Poisson measure tTz with intensity measure zm{dx). 

We assume that 


E{x, 7) G M for m 0 /i-a.e. {x, 7) G X x T. ( 2 . 2 ) 

Furthermore, we assume that, for any n G N, there exists a non-negative measurable 
symmetric function on X” such that, for any measurable symmetric function : 
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[ 0 ,oo], 

^ {xi,...,a;„}C7 

= ^ ... ,Xn)kl^\xi,... ,Xn)m{dxi) ■ ■-midxn), (2.3) 

n\ Jxn 

and 

V(a;i, ...,Xn)eX^: ... ,a;J < T, (2-4) 

where .^ > 0 is independent of n. The functions n G N, are called the correlation 
functions of the measure /i, while (2.4) is called the Ruelle bound. 

Notice that any probability measure /i on (T, i3(r)) satisfyng the Ruelle bound has 
all local moments hnite, i.e., 

^(/,7)>(d7) < oo, / e Co(X), / > 0, n e N. (2.5) 

Let us give examples of a Gibbs measure corresponding to a pair potential 0 and 
satisfying the above assumptions. 

Let (j) : (—cx), +cx)] be a symmetric measurable function such that 0(a;, y) eM. 

for any x,y E X, x ^ y. For each x E X and 7 G F, we dehne 

’ 1+00, otherwise. 

Let us formulate some conditions on the pair potential 0. 

(S) {Stability) There exists R > 0 such that, for any 7 G F, I 7 I < 00 , 

(j){x,y) > 

{x,y}C'y 

(I) {Integrability) We have 

G := sup / I exp[—0(a;, y)] — 1| m((i|/) < CX). 

x&X JX 

(F) {Finite range) There exists i? > 0 such that 

(l>{x,y) = 0 if dist(a;, y) > R. 

Note that if 0 satishes (F), then E{x, 7 ) G M for any 7 G F and a; G X \ 7 . 
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Theorem 2.1 ([16, 22, 23]) 1) Let (S), (I), and (F) hold, and let z > 0 be such that 

where B and C are as in (S) and (I), respectively. Then there exists a Gibbs measure 
p, & Q{z, E) whose correlation functions exist and satisfy the Ruelle bound. 

2) Let (j) be a non-negative potential which fulfills (I) and (F). Then for each z > t), 
there exists a Gibbs measure p G Q{z,E) whose correlation functions k!ff^ exist and 
satisfy the Ruelle bound. 

Assume now that X = d G N, and assume that 0 is translation invariant, 
i.e., (f>{x,y) = (p^x — y), where 0 : R — > (—cx), cx)] is such that 0(a;) G R for a; 7 ^ 0 and 
4>{—x) = 4>{x) for all x G R*^. In this case, the conditions on 2 ; and 0 can be signihcantly 
weakened. First, we note that the condition (I) now looks as follows: 

C := I exp[—0(a;)] — 1| < cx. 

For the notion of a superstable, lower regular potential and the notion of a tempered 
Gibbs measure, appearing in the following theorem, see [31]. 

Theorem 2.2 ([30, 31]) Assume that X = R^ and 0 is translation invariant. 

1) Let (S) and (I) hold and let z > 0 be such that 

z<-{e^^C)-\ 

e 

where B and C are as in (S) and (I), respectively. Then there exists a Gibbs measure 
p G Q{z,E) whose correlation functions exist and satisfy the Ruelle bound. 

2) Let (p be a non-negative potential which fulfills (I). Then, for each z > t), there 
exists a Gibbs measure p G Q{z,E) whose correlation functions exist and satisfy the 
Ruelle bound. 

3) Let 0 satisfy (I) and additionally let <p be a superstable, lower regular potential. 
Then the set Qteuip{,z, E) of all tempered Gibbs measures is non-empty and each measure 
from Qtemp{z,E) has correlation functions which satisfy the Ruelle bound. 

We also have the following lemma, which follows from (the proof of) [19, Lemma 
3.1]. 

Lemma 2.1 Let X = R^ and let 0, z, and p & G{z, E) he as in one of the statements 
of Theorem 2.2. Assume additionally that there exists r > 0 such that 

sup (p{x) < cx, ( 2 . 6 ) 

x£B(rY 

where B{r) denotes the ball in R'^ of radius r centered at the origin. Then (2.2) holds. 
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3 Existence results 


In what follows, we shall consider a Gibbs measure fi G Q{z,E) as in Section 2, i.e., 
a probability measure /i on (r,i3(r)) which satishes (2.1)-(2.4). We introduce the set 
jFGb(Go(X), r) of all functions of the form 

r3 7^F(7) = 

where iV G N, (pi,... ,ipisf G Cq{X) and gp G Gb(M^), where Gb(M^) denotes the set 
of all continuous bounded functions on 
We consider a measurable mapping 

X X X xT 3 {x,y,'y) ^ c{x, y, 7 ) G [0, cx)). 

We assume that, for each compact A C X, 


/ Aidl) / lidx) / m{dy)c{x,y,'y){lA{x) + lA{y)) < 00 , 
' r V X V ^ 


(3.1) 


where 1 a denotes the indicator of A. 

For each function F : F —R, 7 G F, and x,y E X, we recall the notation (1.2). 
Then we dehne a bilinear form 

S{F,G):= [ y{d-i) [ -f{dx) [ zm{dy)c{x,y,-f){D-^F){-f){D-^G){-f), (3.2) 


where F,G E jFGb(Go(X), F). Below we shall show that S corresponds to a Kawasaki 
dynamics. 

We note that, for any F E jFGb(Go(X), F), there exist a compact A C X and 
Cl > 0 such that 

\{D-y^F){j)\ < G^{1a{x) + lA{y)), 7 eF, x,y E X. 

Therefore, by (3.1), the right hand sides of formula (3.2) is well-dehned and hnite. 

Lemma 3.1 We have S{F,G) = 0 for all F,G E jFGb(Go(X), F) such that F = 0 
ja-a.e. 

Proof. It suffices to show that, for F G FGb(Go(X), F), F = 0 /i-a.e., we have 
(F“+F)( 7 ) = 0 /i-a.e., where fi is the measure on X x X x F dehned by 

jl{dx, dy, d'y) := 'y{dx) zm{dy) y{d'y). (3.3) 

Let A be a compact subset of X. We have: 

[ Pid-f) [ -f{dx) [ zm{dy)\F{-f)\ = [ y{d-f)\F{'y)\ [ 'y{dx) [ zm{dy) = 0, 

Jr Ja Ja Jr Ja Ja 
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which implies that -^( 7 ) = 0 /i-a.e. Next, by (2.1) and (2.2), 


ix{d'y) / 7 (da;) / zm{dy)\F{'j \ x U y)\ 


lA 


IA 


= / Kd-f)\F{-f)\ / -f{dx) / zm{dy)exp[-E{y,-f) +E{x,-f\xUy)]. (3.4) 


Since F is bonnded, by (2.5), the integrals in (3.4) are finite. Therefore, 

|F(7)| exp[—i?(|/, 7) + i?(a;, 7 \ a; U y)] < cx) for/i-a.e. (x, y, 7) G X x X x T. ( 3 . 5 ) 

Since F = 0 /i-a.e., by (3.4) and (3.5), F (7 \ x U y) = 0 /i-a.e. □ 

Thus, (T, jFCb(Co(X), T)) is a well-defined bilinear form on L^(r,/i). 


Lemma 3.2 The bilinear form (T, jFCb(Co(X), T)) is elosable on and its clo¬ 

sure will be denoted by {S,D{S)). 


Proof. Let {Fn)’ifhi be a sequence in jFCb(Co(X), T) such that ||F„||i 2 (^) —0 as n —> cx) 
and 

£{Fn — Fk) —0 as n, k ^ 00 . (3.6) 

Here and below, £{F) stays for S{F,F). To prove the closability of S it suffices to 
show that there exists a subsequence (F„j,)^j^ such that £{Fn^) 0 as k ^ 00 . 

Let A be a compact subset of X. By (2.5), we have 


/ hid-f) J^-f{dx)\Fn{-f)\ < ||F„||l 2 (^) (^J ( 1 a, 7 )V(c^ 7 )^ ^0 


as n 


00 . 


Therefore, there exists a subsequence of (F„)))T]^, denoted by (Fi^^)))T;^, such that 
Fi^^( 7 ) —> 0 for 'y{dx)ja{d'y)-a.e. (x, 7 ) G A x T. Hence, there exists a subsequence 
of such that Fn\'l) 0 for 'y{dx)y{d'y)-a.e. (x, 7 ) G X x T. 

Next, analogously to (3.4), 


hid-f) / 7 (da;) / zm{dy) exp[-E{y,-f) + E{x,-f \ x U y)]\Fi^\'y \ x U y)\ 


= / hidl) / zm{dx) / -f{dy)\Fn{-f)\ 


< ( / (1a,7)V(c^7) 


1/2 


0 as n —cx). 


By virtue of (2.2), 


exp[—E{y, 7 ) + E{x, 7 \ a; U y)] G (0, -|-cx] for /i-a.e. (a;, //, 7 ) G X x X x T. 



Therefore, there exists a subsequence of such that Fn\'y\xUy) 0 

for /i-a.e. {x,y,'y) E X x X x T, where the measure y is dehned by (3.3). 

Thus, 


as n —> cx) for /i-a.e. (x,//, 7 ) G X x X x T. (3.7) 
Now, by (3.7) and Fatou’s lemma 

i(F7) = j c(x,y,j)(D-+Fi;Fj(jfji(dx,dy,dj) 

= j e(x, y, 7) ((r>7F.f *)(7) - ^“7(^7 7? )(7)) Mdx, dy, dy) 
<hminf f c(a;,//, 7 )((T> 7 +F®)( 7 ) - (T)"+F®)( 7 )) 2 /f(da;, d//, dy) 

m—>00 J 

= limmfi(F7-F7), 

m^oo 

which by (3.6) can be made arbitrarily small for n large enough. □ 

For the notion of a Dirichlet form, appearing in the following lemma, we refer to 
e.g. [25, Chap. I, Sect. 4]. 

Lemma 3.3 {£,D{£) is a Dirichlet form on L^(F,/i). 

Proof. On D{£) we consider the norm ||F||o(£:) := (||X||^ 2 (^) + £{F)Y^‘^, F E D{£). 
For any F,G E XCb(Co(X), F), we dehne 

S{F,G){x,y,^) := c(a;,//, 7 )(T> 7 +F)( 7 )(T)"+G)( 7 ), x,y E X,-f eT. 

Using the Cauchy inequality, we conclude that S extends to a bilinear continuous map 
from {D{£), || ■ ||d(£-)) x {D{£), || ■ ||D(i:)) into L^(X x X x F,/i). Let F E D{£) and 
consider any sequence {Fn)YLi in XCb(Co(X), F) such that F in {D{£), || ■ ||_d(£-)). 

In particular, F„ —F in T^(/i). Then, analogously to the proof of Lemma 3.2, for 
some subsequence {Fn^kLi, we get 

(F7F„J(7) ^ (F7F)(7) for y-x.e. (x,y,j) eXxXxT. 

Therefore, for any F,G E D{£), 

S(F,G){x,y,y) := c{x,y,y)(D;*F){y){D;;G)(y) for i-a.e. {x,y,y) e A' x X x T 

(3.8) 

and 

£{F,G) = J S{F,G){x,y,'y) fi{dx,dy,d'y). (3.9) 
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Define R 3 x ^ g{x):={0 V x) A 1. We again fix any F G D{S) and let 
be a sequence of functions from FCh{Co{X), F) such that F in {D{S), || ■ ||d(£’))- 

Consider the sequence We evidently have: g{Fn) G jFCb(Co(X), F) for 

each n G N and, by the dominated convergence theorem, g{Fn) g{.F) as n —cx) 
in Next, by the above argument, we have, for some subsequence 

iD-+giFn,)){-f) (D-+c/(F))( 7 ) as n ^ oo for fi-a.e. ix,y,-f). 

For any x,y G M, we evidently have 

Igix) - giy)\ < \x - y\. (3.10) 

Therefore, the sequence c(a;, ?/, 7 )^/^(D“^+ 5 f(Fjj))( 7 ), n G N, is /l-uniformly square- 
integrable, since so is the sequence c{x,y,'yy^‘^{D~^Fn){'y), n G N. Hence 

cix,yny^^iD-^9iFn^))i7) c{x,y,-f)F^{D-^g{F)){-f) as /c ^ oo in L‘^{p,). 

By (3.8) and (3.9), this yields: g{F) G D{S). 

Finally, by (3.8)-(3.10), £{g{F)) < £{F), which means that {£, D{£))) is a Dirichlet 
form. □ 

We shall now need the bigger space F consisting of all Z+ U {cx)}-valued Radon 
measures on X (which is Polish, see e.g. [21]). Since F C F and i3(F) fl F = i3(F), we 
can consider y as a measure on (F, i3(F)) and correspondingly {£,D{£)) as a Dirichlet 
form on T^(F, y). 

For the notion of a quasi-regular Dirichlet form, appearing in the following lemma, 
we refer to [25, Chap. IV, Sect. 3]. 

Lemma 3.4 {£,D{£)) is a quasi-regular Dirichlet form on L^(T,y). 

Proof. Analogously to [26, Proposition 4.1], it suffices to show that there exists a 
bounded, complete metric p on P generating the vague topology such that, for all 
7o G f, p(-,7o) e D{£) and 

/ -f{dx) zm{dy) S{p{-,-fo)){x,y,^) <g{-f) y-a.e. 

J X J X 

for some p G L^(P,/i) (independent of 70). Here, S{F):=S{F, F). The proof below is a 
modihcation of the proof of [26, Proposition 4.8] and the proof of [18, Proposition 3.2]. 

Fix any xq G X, let B{r) denote the open ball in X of radius r > 0 centered at Xq. 
For each /c G N, we dehne 

2/1 1 \ 

:= 3 ( 2 “ ^ 2 J ’ 
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where dist(a;,-B(/c)) denotes the distance from the point x to the ball B{k). Next, we 
set 

(l)k{x):=3gk{x), x e X, k eN. 

Let C be a function in Cb(M) such that 0 < C < 1 on [0, oo), ({t) = t on [—1/2,1/2], 
C G [0,1] on [0, cx)). For any fixed 70 G F and for any k,n E N, (the restriction to F 
of) the function 

C ( sup |(0fc^j,-) - (0fc^i,7o)| I 

belongs to jFCb(Co(X), F) (note that (0fcfi'j,7o) is a constant). Furthermore, taking 
into account that (' G [0,1] on [0, cx)), we get from the mean value theorem, for each 
7 G F, a; G 7 , and a; G X \ 7 , 


S ( C (^sup|((/fc^j,-) - {(j)k 9 j, 7 o)\j j (a:, I/, 7 ) 

< c{x,y,j)i sup \{(j)kgj,7) - (0fc^i,7o) - (0fc^i)(a^) + (0fc^i)(l/)l 
V j<n 

2 

\ 

sup K0fc^j,7) - {<t>k9j,lo)\ 
j<n 

< c{x,y,'y) sup I - {(j)k9j){x) + {(j)k9j){y)\‘^ 

j^n. 


< 2 c(a;, I/, 7 ) I sup{(j)k 9 j)ix) + sup( 0 *,^^)(?/)' 

V j<n j<n 

< 2c(a;,|/,7)(lij(fc+i/2)(a;) +lB{k+i/2){y))- 

For each /c G M, we dehne 


(3.11) 


^fc(7,7o) 


sup |(0fc^j,7) - (0fc^i,7o)| 

jeN 


7 ,7o e r. 


Then, for a hxed 70 G F, 


sup |(0fc^j,7) - (0fc^i,7o)| 

j<n 


Fkil.lo) 


as n —cx for each 7 G F and in L^(/i). Hence, by (3.11) and the Banach-Alaoglu and 
the Banach-Saks theorems (see e.g. [25, Appendix A.2]), Ffc(-, 7 o) G D{£) and 


*5(Xfc(-,7o))(a;,|/,7) < 2c(a;,?/,7)(lij(fc+i/2)(a:) +lB{k+i/ 2 ){y)) /a-a.e. 


Dehne 


Cfc ;= 1^1+2 j c{x,y,'^){lB{k+i/2){x)+lB{k+i/2){y))y{dx,dy,d'-f'^ 2 /c G N, 
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which are hnite positive numbers by (3.1), and furthermore, 0 as /c — oo. 
We dehne 

P(7i,72):=sup (cfcFfc( 7 i, 72 )), 7i,72 e f. 

fceN 


By [26, Theorem 3.6], p is a bounded, complete metric on T generating the vague 
topology. 

Analogously to the above, we now conclude that, for any hxed 70 G T, p(-, 7 o) G 
D{S) and 


7 (dx) / zm{dy)S{p{-,-fo)){x,y,j) <7]{j) 


X 


X 




where 


77 ( 7 ) := 2 sup 

fcGN 


Cfc / l{dx) / zm{dy)c{x,y,j){lB{k+i/2){x)+ lBik+i/2){y)) 


IX 


IX 


Finally, 


77 ( 7 )/i(d 7 ) <2^4 

k=l 


c{x, y, 'y){lBik+i/ 2 ){x) + lBik+i/2){y)) Kdx, dy, dj) 


< 5 ^ 2 -'= = 1 . 
k=l 


Thus, the lemma is proved. □ 

For the notion of an exceptional set, appearing in the next proposition, we refer 
e.g. to [25, Chap. Ill, Sect. 2 ]. 


Lemma 3.5 The set F \ F is S-exceptional. 

Proof. We modify the proof of [29, Proposition 1 and Corollary 1] and the proof of [18, 
Proposition 3.3] according to our situation. 

It suffices to prove the result locally, i.e., to show that, for any hxed a G X, there 
exists a closed set Ba that is the closure of an open neighborhood of a and such that 
the set 

:= {7 G f : sup 7 ({a^}) > 2} 

xeBa 

is T-exceptional. By [29, Lemma 1], we need to prove that there exists a sequence 
Un G D{S), n E N, such that each Un is a continuous function on P, Un Itv^ 
pointwise as n ^ 00 , and sup^gjsj T («„) < 00 . 

So, we hx a G X. There exists an open neighborhood Ba of a which is diffeomorphic 
to the open cube (—3, +3)'^ in We hx the corresponding coordinate system in Ba 
and we set Ba := [— 1 , 1 ]'^. 
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Let / G Co(®) be such that l[o,i] < / < l[-i/ 2 , 3 / 2 )- For any n G N and i = 
(ii,..., id) £ -A-n '■= n [—n, n]'^, we dehne a function G Co(X) by 


j(«)(^) 1^ 11^=1 


a; G 5 a, 
otherwise. 


Let also 

j(n)/ \ f nfc=l l[-l/2,3/2) — ifc), X G 5 a) 

1 ^ 0 , otherwise, 

and note that 

Let tjj G C,^(K) be such that l[2,oo) < t/’ < l[i,oo) and 0 < '^' < 21 (i oo). We dehne 
continuous functions 


r 3 7 M^( 7 );=^ 



n G N, 


whose restriction to F belongs to jFCb(Co(X), L). Evidently, pointwise as 

n ^ oo. 

By the mean value theorem, we have, for each 7 G F, a; G 7 , y G X \ 7 , and for 
some point T„(a;, y, 7 ) between supie^„ 7 \xUy) and sup^g^^ 7 ): 


S{un){x,y,^) = c{x,y,-f)^p\Tn{x,y,-f)f{ sup 7 \ a; U y) - sup(/^''\7) 

. 'iG.rAn 


p(n) 


< c{x,y,'y)^'{Tnix,y,-f)y sup \x U y) - 


e(n) 


i&A, 
\2 


< 2c{x, y, j)'ip'{Tn{x, y, 7 ))^ ( sup fr’i^Y + sup ftYvY 

. iG.J^n iGw4.n 


i ' 

< 8c(a:,9,7)(l« (U + IgM). 


(3.12) 


By (3.1) and (3.12), we conclude that 


sup £^(ua) < 00 , 

nSN 


which implies the lemma. □ 

We now have the main result of this paper. 

Theorem 3.1 There exists a conservative Hunt process 

M = (Q, F, (F,)i>o, (ejoo, (X(t)),>o, (P^)-,6r) 
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on r (see e.g. [25, p. 92]) which is properly associated with i.e., for all {in¬ 

versions of) F G L^(r,/i) and all t > 0 the funetion 

13 7^ PtF{^)-= [ F(X(t)) dP, (3.13) 

Jn 

is an S-quasi-continuous version of exp{—tH)F, where {H,D{H)) is the generator of 
{S,D{S)). M is up to p,-equivalence unique {cf [25, Chap. IV, Sect. 6]). In par¬ 
ticular, M is p-symmetric {i.e., f GptF dp = f FpfG dp for all F,G : T ^ R+, 
B{T)-measurable), so has p as an invariant measure. 

2) M from 1) is up to p-equivalence {cf [25, Definition 6.3]) unique between all Hunt 
processes M' = (Q', F', (F()t>o, {Q[)t>o, (X.'{t))t>o, (P(y) 7 er) on V having p as invariant 
measure and solving the martingale problem for {—H, D{H)), i.e., for all G G D{H) 

G(X'(t)) - G(X'(0)) + [ {HG){'X'{s))ds, t > 0, 

Jo 

is an {¥{)-martingale under P(, for S-q.e. 7 G F. {Here, G denotes an S-quasi- 
eontinuous version of G, cf [25, Ch. IV, Proposition 3.3].) 

Remark 3.1 In Theorem 3.1, M can be taken canonical, i.e., f2 is the set of all cadlag 
functions u : [0, cx)) —P (i.e., u is right continuous on [0, cx)) and has left limits on 
(0, cx)), lK{t){u):=u{t), t > 0, u E Q, (Ft)t>o together with F is the corresponding 
minimum completed admissible family (cf. [10, Section 4.1]) and 0*, t > 0, are the 
corresponding natural time shifts. 


Proof of Theorem 3.1. The first part of the theorem follows from Lemmas 3.3-3.5, 
the fact that 1 G D{S), T(l,l) = 0, and [25, Chap. IV, Theorem 3.5 and Chap. V, 
Proposition 2.15]. The second part follows directly from (the proof of) [2, Theorem 3.5]. 
□ 

Let us now derive an explicit formula for the generator of £. However, this can only 
be done under stronger conditions on the coefficient c{x,y,'y). 

Using (2.1) and (2.2), we have, for F G FGi,{Go{X),T), 


£iF)= I T{dl) I zm{dy)exp[-E{y,-f) + E{y,-f)] / -f{dx) c{x,y,-f){D^^F){-f) 


IX 


IX 


= / pid-f) / -f{dy)exp[E{y,-f\y)] / {-f \y){dx)c{x,y,-f \y){F{-f \ x) - F{-f \y))‘‘ 


lx 


lx 


= / Kd-f) / -f{dx) / {-f\x){dy)exp[E{y,-f\y)]c{x,y,-f\y){F{-f\x)-F{-f\y)y^ 


lx 


lx 


= / p{d'y) / zm{dx)exp)[—E{x,'^)] / -^{dy) exp)[E{y,'^ \yVJ x) 


IX 


IX 
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xc(a;,|/, 7 \l/Ua;)(F( 7 ) - F{-f\yUx)f 
= [ fJ'idj) [ -f{dx) [ zm{dy)c{y,x,j\xUy) 


IX 


IX 


X exp[-E{y,-f) +E{x,-f\xUy)]{D^^F){'yf. 


(3.14) 


By (3.2) and (3.14), we have, for any F,G G EC\,{Cq{X),T), 


^{F,G)= / /i(d7) / 7(da;) / ^m(d|/)c(a;,|/,7)(Zl +F)(7)(Z1 +G)(7), 


IX 


IX 


where 

c{x, y, 7 ) = ^ {c{x, y, 7) + c{y, x,j\xUy) exp[-E{y, 7) + E{x, 7 \ a; U ?/)]). ( 3 . 15 ) 

As easily seen, c again satishes the condition (3.1). Furthermore, c evidently satishes 
the following identity: 

cix, y, 7 ) = c{y, x,'y\xUy) exp[-E{y, 7 ) + E{x, 7 \ a; U y)], 
so that c = c. 

Theorem 3.2 Assume that, for each compact A C X, 

[ lidx) f zm{dy)c{x,y,'y){lA{x)+ lA{y)) e L‘^{T,y). (3.16) 

J X J X 


Then 


where 


£{F,K) = y^(i7F)(7)G(7)/i(rf7), F,G e EG^{Go{X),T), (3.17) 


{HF){j) = -2l -f{dx) I zm{dy)c{x,y,j){D^+F){-f) /i-a.e 


lx 


lx 


(3.18) 


and EdF G L‘^{T,y). The Friedrichs’ extension of the operator {H, EGh{Go{X),T)) in 
L2(r,/i) IS {H,D{H)). 


Proof Formulas (3.17) and (3.18) follow from (2.1) and (3.15), analogously to (3.14). 
The fact that HE G L^(F,/i) trivially follows from (3.16). □ 
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4 Examples 

Throughout this section, we shall always assume that a pair potential 0, an activity 
and a corresponding Gibbs measure /i G Q{z,E) are either as in Theorem 2.1 or 
as in Theorem 2.2. Furthermore, in the case X = M'^, we shall also suppose that the 
condition of Lemma 2.1 is satished. Thus, in any case we have that 0 is bounded from 
below, satishes (I), and 

I/) I < cx) for m ® /i-a.e. {x, 7 ) G X x T. 

By (2.1), the latter easily implies that, for /r-a.e. 7 G T and for each a; G 7 , 

^ \<t){x,y)\ < 00. 

y£'l\x 

We shall now consider some examples of the coefficient c{x, y, 7 ) for which the above 
assumptions are satished. 

Let a : [0, cx)] be a symmetric measurable function such that 

sup / a{x,y) m{dy) < 00 , sup / a{x,y) m{dx) < 00 (4.1) 

xGA JX y&i^ JX 

for any compact A C X. 

Remark 4.1 In the case X = it is natural to suppose that the function a is 
translation invariant, i.e., a{x,y) = d{x — y) for some a : X —> [0,cx], d{—x) = {x), 
X G in which case (4.1) is equivalent to the integrability of a. 

For s G [0,1] we dehne 

cix, y, 7 ) = Cs{x, y, 7 ) := a{x, y) exp[sE{x, 7 \ x) - (1 - s)E{y, 7 \ a:)]. (4.2) 

We evidently have Cgi.x^y,'^) = Cs{x,y,'y). 

Proposition 4.1 1) For each s G [0,1], the coefficient Cg satisfies (3.1). 

2) Assume that the function a is bounded. Then, for each s G [0,1/2], the coefficient 
Cs satisfies (3.16). Furthermore, for each s G (1/2,1], (3.16) is satisfied if additionally 

sup / \ exp[{2s — l)(l){x,y)] — l\m{dy) < 00 . (4.3) 

x£X JX 
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Proof. 1) We have 


/ Pidl) / 7{dx) / m{dy)a{x,y) 

Jr Jx Jx 

X exp[sE(a;,7 \a;) - (1 - s)E(|/, 7 \ a;)](lA(a;) + 1 a(|/)) 

= / y{d'y) / zm{dx) / m{dy)a{x,y) 

Jt Jx Jx 

X exp[(s - l)E{x,-f) + {s- l)E(|/,7)])](lA(a;) + 1 a(|/)) 

= / zm{dx) / m{dy)a{x,y){lA{x)+ lA{y)) 

Jx Jx 

X [ p{dl) n(l + (exp[(s - l)0(a:, m) + (s - 1)0(|/, m)] - 1)) 


= / zm{dx) / m{dy)a{x,y){lA{x)+ lA{y)) 

Jx Jx 

« X 00 n 

X fi{d-f)ll + Y^ JJ(exp[(s - l)0(a;,Mi) + (s - l)0(|/,Mi)] - 1) 

= [ zm{dx) [ m{dy)a{x,y){lA{x)+ lA{y)) 


n / 00 -| 


(exp[(s - l)0(a;,Mi) + (s - l)0(|/,Mi)] - 1) 


X ... , Urf) m{dui) ■ ■ ■ m{dun) 


Using the Ruelle bound, we get, for any x,y E X, 


n I “*) + (^ “ “*)] -1| 

i=l 

X kd^\ui, ..., Un) m{dui) ■ ■ ■ m{dun) 

<-UI I exp[(s — l)0(a;, u) + {s — l)0(i/, m)] — 1| m{du) 


- J \exp[-4>{x,u) - 4>{y,u)]-l\m{du) 


< (I exp[— 0 ( 0 ;, m)] — 1| + exp[— 0 ( 0 ;, m)] | exp[—^(i/, u)] — l\^m{du) 


From here, (I) and (4.4), the statement follows. 
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2) Analogously, we have: 


J Kd'y)yJ -/{dx) J zm{dy)cs{x, y,'y){lAix) +lAiy)) 

= / fJ'id-f) / -f{dx) / zm{dy) / zm{dy')cs{x,y,'-i)cs{x,y\'-i) 
Jr Jx Jx Jx 

x(lA(a;) + lA(|/))(lA(a;) + 1 a(|/ 0 ) 

+ / y{d'^) / '-){dx) / {'-)\x){dx') / zm{dy) / zm{dy') 

Jv Jx Jx Jx Jx 

xcs{x,y,-f)cs{x\y',-f){lAix) + lA(|/))(lA(a;') + 1 a(|/ 0 ) 

= / y{d'y) / zm{dx) / zm{dy) / exp[—7)] 

ir ix ix Jx 

xcs(x, y,jU x)cs(x, y\ 7 U a;)(lA(a;) + lA(|/))(lA(a:) + 1 a(|/ 0 ) 
+ [ fi{d'y) [ zm{dx) [ zm{dx') [ zm{dy) [ zm{dy') 


lx 


lx 


lx 


lx 


X exp[— 7 ) — E{x', 7 ) — (p^x, x')] 
xcs{x,y,'^VJx\J x')cs{x\ y', 7 U a; U a;')(lA(a:) + 1a( y))(1 a (a:') + 1a(|/0) 

= f z,n(dx) [ zmidy) f 2m(cij,>(i, 9)a(x, !/')(1 a(i) + UfejXUW + 1 a(!/')) 


IX 


IX 


IX 


X / y,{d'^) exp 


((2s - l)0(a;, m) - (I - s)0(|/, m) - (I - s)0(|/', m)) 


tiG7 


+ / zm{dx) / zm{dx') / zm{dy) / zm{dy')a{x,y)a{x',y') 


lx 


'X 


lx 


lx 


x(lA(a;) + lA(|/))(lA(a:0 + 1 a(|/0) 

X exp[(2s - l)0(a;, x') - (I - s)p{x', y) - {1 - s)0(a;, y')] 


X / ii{d'^) exp 


^ -(I - s)(0(a;, u) + (t){x\ u) + 0(|/, u) + 0(|/', u)) 


'UG 7 


<C'2 


zm{dx) zm{dy) zm{dy')a{x,y)a{x,y'){lA{x) + lA{y))0-A{x) + lA{y')) 

X Jx Jx 


^ sup sup sup / I exp[(2s — l)0(a;, u) 
L xeXy&Xy'eX Jx 


X exp 

- (I - s)4>{y, m) - (I - s)4>{yP m)] - l\m{du) 


+ / zm{dx) / zm{dx') / zm{dy) / zm{dy')a{x,y)a{x',y') 

kJ X kJ X J X J X 

X (lA(a:) + lA(|/))(lA(a:') + 1 a(|/ 0) exp[(2s - l)(j){x, x')] 
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X exp 


sup sup sup sup / I exp [—(1 — s)( 0 (a;, m) + 0 (a;', u) 
L xex x'ex yex y'ex Jx 


+ (j){y, u) + (j){y\ u))] - 1 | m{du) 


<C3{ / zm{dx) zm{dy) zm{dy')a{x,y)a{x,y'){lA{x) + lA{y)){lA{x) + lA{y')) 


IX 


IX 


IX 


+ / zm{dx) / zm{dx') / zm{dy) / zm{dy')a{x,y)a{x',y') 


IX 


IX 


IX 


IX 


x(lA(a;) + lA(|/))(lA(a;') + 1 a(|/ 0)I exp[(2s - l)0(a;,a;')] - 1| 


I zm{dx) L zm{dy)a{x,y){lA{x)+ lA{y))j J, (4.5) 

where C 2 ,C^ > 0. Using (I), (4.1), (4.3), and the boundedness of a, we easily conclude 
that the expression in (4.5) is hnite. Indeed, for example, we have: 


zm{dx) / zm{dx') / zm{dy) / zm{dy')a{x,y)a{x',y')\exp[{2s — l)(j){x,x')] — 1\ 


IX 


IX 


< I sup a{u,v) I / zm{dy) / zm{dy') 

\ (u,v)£X^ J Ja Ja 


, {u,v)G.X‘^ 

X / zm{dx)a{x,y) / zm{dx')\exp[{2s — l)(j){x, x')] — 1\ < oo. 
J X J X 

Thus, the proposition is proved. □ 


Let us now present a straightforward generalization of the above result. Let now 
a : M be a measurable function which satishes (4.1) (and which is not necessarily 

symmetric). For u,v G [0,1], we dehne 

x{x, y, 7 ) = 7 ) := exp[MU(a;, 7 \ x) - (1 - v)E{y, 7 )], 

and 

c(a:,|/,7) = CuA^.y,^) := a(a;,|/)x„,„(a;,y,7). 

In particular, for u = v, we get the previous example of a Kawasaki dynamics. Note 
also that, for u = 0 and n = 1 , we get 


coAx,y,7) = a{x,y). 

By (3.15), we have 

1 

Cu,vix,y,'y) = -{a{x,y)exp[uE{x,'y\x) - (1 -v)E{y,'y)] 

+ a{y,x)exp[vE{x,'y\x) - (1 - n)U(|/, 7 )]). 

Absolutely analogously to Proposition 4.1, one can prove its following generaliza¬ 
tion. 
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Proposition 4.2 1) For eachu,v G [0,1], the coefficient Cu,v satisfies (3.1). 

2) Assume that the function a is hounded. Then, (3.16) is satisfied if 

sup / I exp[(2(M V u) — I/)] — 1| m{dy) < oo. 

xex J X 

5 Scaling limits of Kawasaki dynamics 

We start this section with a brief discussion of Glauber dynamics of continuous particle 
systems. 

5.1 Glauber (birth-and-death) dynamics 

In the classical Ising model, the Glauber dynamics means that particles randomly 
change their spin value, which is called a spin-flip. The generator of this dynamics is 
given by 

{HGf){a) = ^ a{x,a){y^f){a), 

where 

(V./)(a) = /(a")-/(a), 

denoting the configuration a in which the particle at site x has changed its spin 
value. In the interpretation of a lattice system with spin space 5' = { —l,l}asa model 
of a lattice gas, the Glauber dynamics means that, at each site x, a particle randomly 
appears and disappears. Hence, this dynamics may be interpreted as a birth-and-death 
process on Therefore, in the continuous case, an analog of the Glauber dynamics 
should be a process in which particles randomly appear and disappear in the space, 
i.e., a spatial birth-and-death process. The generator of such a process is informally 
given by the formula 

= / Hx,l)(D:F)G)dx, 

xe7 

where 

(D;,F)(i) = F(l\x) - FCd, (£>: f )( 7 ) = FCtUx) - FCi). 

Spatial birth-and-death processes were first discussed by Preston in [28]. Under 
some conditions on the birth and death rates, Preston proved the existence of such 
processes in a bounded domain in W^. Though the number of particles can be arbitrarily 
large in this case, the total number of particles remains finite at any moment of time. 

The problem of construction of a spatial birth-and-death process in the infinite 
volume was initiated by Holley and Stroock in [15]. In fact, in that paper, birth- 
and-death processes in bounded domains were analyzed in detail. Only in a very 
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special case of nearest neighbor birth-and-death processes on the real line, the existence 
of a corresponding process on the whole space was proved and its properties were 
studied. In [11], Glotzl derived conditions on the coefficients (i(a;, 7 ), &(a;, 7 ) under 
which the Glauber generator becomes a symmetric operator in the space where 

/i is a given Gibbs measure. Let us also mention the papers [3, 33] devoted to the 
study of the spectral gap of the Glauber dynamics in the hnite volume, for which the 
death coefficient is equal to 1. An analog of such a dynamics, but on the whole space 
(thus, involving inhnite conhgurations), was constructed in [18]. The coefficients of the 
generator of this dynamics are given by 

d{x, 7 ) = 1, b{x, 7 ) = exp[-E{y, 7 )], 

and this dynamics has a Gibbs measure corresponding to the pair potential 0 as sym¬ 
metrizing measure. The result about the spectral gap for a positive 0 has also been 
extended in [18] to the inhnite volume. We also refer to [13] for a discussion of a scaling 
limit of equilibrium huctuations of this dynamics. 

By analogy with the Kawasaki dynamics, we are now able to construct an equilib¬ 
rium Kawasaki dynamics in the general case. So, we consider a measurable mapping 


X X T 3 (x, 7 ) H- > d{x, 7 ) e [0, cx)) 
and assume that, for each compact A C X, 


I ii{d'y) J ''y{dx)d{x,'y) < 00 . 


(5.1) 


We dehne a bilinear form 


Tg(X,G):= / p(d7) / -f{dx)d{x,-f){D^F){-f){D^G){'y), 

Jr Jx 

where F,G & jFGb(Go(X), T). This bilinear form is closable on L‘^{T, p), and its closure 
will be denoted by (Tq, /1(Tg)). The latter is a quasi-regular Dirichlet form on L^(r, /i). 
Furthermore, the set r\r is TG-exceptional. Therefore, there exists a conservative Hunt 
process which is properly associated with {Sq, D{Sg)). 

Next, assume that, for each compact A C X, 


/ -f{dx)d{x,j) e T 2 (r,/i), 

'A 

zm{dx)h{x,'y) G L^(r,/i), 


(5.2) 


where 


b{x, 7 ) := exp[—F{x, 'j)]d{x, 7 U x), a; G X, 7 G T. 
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Then, jFCb(Co(X), T) is a subset of the domain of the generator Hq of the Dirichlet 
form {Sq, D{Sg)), and for each F G jFCb(Co(X), T), 


{HgF){'^) = -[ zm{dx)b{x,'y){D+F){-Y) - f -f{dx) d{x,'y){D^ F){-f) /r-a.e. 

Jx J X 

Also by analogy with the Kawasaki dynamics, one can construct the following ex¬ 
amples of the Glauber dynamics (the Gibbs measure fi being the same as in Section 4). 
For each s E [0,1], we dehne 

d{x,j) = ds{x,j) := exp[sE(a ;,7 \ x)]. 


so that 

6 (a;, 7 ) = bs{x,j) = exp[(s - l)E{x,'y)]. 

Then, for each s G [0,1], (5.1) holds, and therefore the corresponding Glauber dynamics 
exists. Furthermore, for each s G [0,1/2], the coefficients dg, bg satisfy (5.2), while for 
s G (1/2,1], (5.2) is satisfied if (4.3) holds. 

Note that, though the construction of the Glauber dynamics and that of the 
Kawasaki dynamics look quite similar, there is a drastic difference between them in 
that (at least heuristically) the law of conservation of the number of particles holds 
for the Kawasaki dynamics, and does not for the Glauber dynamics. We, therefore, 
cannot expect a spectral gap for the generator of the Kawasaki dynamics in the inhnite 
volume. 

Furthermore, the Glauber and Kawasaki dynamics have different sets of symmetriz¬ 
ing measures. Indeed, the set of symmetrizing measures of a given Glauber dynamics 
consists of all grand-canonical Gibbs measures corresponding to a given relative en¬ 
ergy of interaction and a fixed activity parameter z > 0, while for a given Kawasaki 
dynamics activity parameter 2 : > 0 may be arbitrary. 

5.2 Glauber dynamics as a limiting Kawasaki dynamics 

Let X = and let /r be a Gibbs measure as in Theorem 2.2, 1) (low activity-high 
temperature regime). We £x a function a : > [0, cx)) such that d{—x) = d(x), 

X G and d G L^{W^,dx). For each s G [0,1], consider the Kawasaki dynamics 
corresponding to the coefficient c = Cg given by (4.2) with a(x,y) := d(x — y). 

Let us now consider the following scaling of this dynamics. For each 5 > 0, define 

ds{x) = h^a((5-), X G 

and consider the (h, s)-Kawasaki dynamics which is defined just as the dynamics above, 
but by using the function ds instead of d. Denote by D{Hs,s)) the generator of 
this dynamics. 
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Let us also fix the s-Glauber dynamics corresponding to 

d{x, 7 ) = ds{x, 7 ) := a exp[si?(a;, 7 \ x)], 

6 (a;, 7 ) = = aexp[(s - l)E{x,'y)], 

where s G [ 0 , 1 ] and 

a := / a{x) dx 

jRd 

(note that the first correlation function is a constant). Denote by (iLo,s,-D(iLo,s)) 
the generator of this dynamics. 

We expect that the s-Glauber dynamics is the limit of the {S, s)-Kawasaki dynamics 
as (5 —0. In particular, in the case s = 0, it is shown in [ 8 ] that, for each ip G Go(M'^), 

^ inL2(r,/i) 

as (5 —0. In the case where the potential 0 is non-negative, one can conclude from [18] 
that the set of hnite linear combinations of the exponential functions is a core for the 
Glauber generator D{Hq^s))- From here, using a classical result from the theory 

of semigroups [ 6 ], one derives the weak convergence of hnite-dimensional distributions 
of the corresponding equilibrium dynamics, starting with their equilibrium distribution 

p. 


5.3 Diffusion approximation for the Kawasaki dynamics 

Now, let X = and let p be a Gibbs measure as in Theorem 2.2. We will consider a 
Kawasaki dynamics as in subsec. 5.2, but this time we will additionally assume that d{x) 
only depends on |a;|, and has compact support. We again consider the corresponding 
{S, s)-Kawasaki dynamics, but this time we are interested in its limiting behavior as 
S ^ 00 . It appears that, we additionally have to re-scale time by multiplying it by 
5^. Thus, the generator of this dynamics is given by Hs^s = d^Hs,s- Under quite weak 
assumptions on the potential 0, it is shown in [17] that, for each function F from some 
set of smooth local functions on the conhguration space, 

Hs,sF^HsF in L^{T,p) 


as (5 —cx). Here Fig is the generator of a diffusion dynamics given by 


HsFij) 



X exp[(—2s -I- l)E{x, 7 \ x)]. 
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where 


c := z 


a{x){x^Y' dx 


jRd 

{x^ denoting the first coordinate of a; G M^), A^F^'j) := AyF{'y\xUy)\^_^, and Va;-F(7) 
is dehned by analogy. In particular, for s = 1/2, 


HsF{i) 



which is the generator of the gradient stochastic dynamics, e.g. [1, 9]. 

In the case where /r is a Gibbs measure as in Theorem 2.2, 3), 0 G and 0 

sufficiently quickly converges to zero at inhnity, Choi, Park, and Yoo [4] found a core 
for the generator of the gradient stochastic dynamics. Using this result, we derive the 
weak convergence of hnite-dimensional distributions of the corresponding equilibrium 
dynamics, starting with their equilibrium distribution fi. 
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